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1.. INTRODUCTION 



\ 



The methods of calculOs find many applications 
in the field of economics. *In £hi's module we consider 
j ^ one such application, "price discrimination, ancj the 
v consumer surplus in a competitive market. * In ^the con- 
° text of this example *we discuss the^ty^ical simplify- 
ing' assumptions which, must be made in order to use 
the calculus. iVe then develop the particular ideas 
associated with these concepts. Further -variations 
of these ideas, the producer surplus and two-tier 
price discrimination f are developed in problems.-- 

r You may' wonder "whether the methods of calculus 
, *can actually provide numerical answers for practical 
, economic problems. The ^answer is usually no; the 
* importance^of applications of calculus to economics 
such as those di-scussed here * is , their contribution to 
the' development of economic theory. Applications can 
be illustrated with specific numerical examples, as 
we have, A but ,the> information needed to construct the 
functions for a real situation is in general difficult, 
if not impossible, to-obtain.* (The field of economet- 
rics develops techniques for eliciting such informa- 
tion.) Consequently, the examples developed "in this^ 
module should be studied to gain insight into the 
theoretical relationships in economics* and ^iow the 
calculus Is* used in th'eir development 

* » " •' . 

» 2. APPROXIMATION' OF SUPPLY AND DEMAND 

; A fundamental assumption used* whenever the methods 
of* calculus are applied*to economics is that the 
♦ fdnctions of interest can be closely approximated 

by continuous or, sometimes, dif ferentiable functions . 
Supply and» v demand-theory is.no exceptisli. 



2.1 The Supply and Demand Function s . ' ' 

- — i— 

Under appropriate assumptions economists tell . 
us that in a .competitive market'the price at which*- 
a good is solM, is .determined by two func tions : 'supply 
and demand. The supply function associates witfl any 
quantity, q, of the good, a pr#e which will, be ^uf : , * 
ficientto. attract exactly that quantity *o£ the' goo*d # 
into the^ market, p = Sfq).. 

Tt is^ sometimes easier'to think of a supply 
function as quantity supplied at a given, price,, 
q >= S(p). In the latter form, we can think of a 4 
producer deciding how much' of a commodity it would 
be profitable for him to produce a*t the prevailing 
market price. 'We usually assume that the higher the 
price the larger the quantity supplied, /so that, the 
function q = ,S(p) will be increasing. Thus it will 
be* an invert'ible function, so t*hat«we.tan consider 
P = S(qK the inverse of fhe <> function. - •* 

^ Tl^e demand function', associates with each quantity, 
q, the price at which the* market will 'be just cleared 
of tKat quantity, p = D(q) . " * 

Again, it may' be easier to think of a demand 
function in/terms of the quantity demanded at a'given 
market price, q = D (p) . The interpretation in this 
case is that U(p) is the quantitywKich consumers 
will buy at the prevailing price p. Demand is nor- 
mally assumed to be a decreasing function: the higher 
the price, the le*ss people will 6uy ; Thus q => U(p5(r 
is also an invertibl e^ function *and we can just as well 
consider the inverse -function p * D(q). 

2.2 Equilibrium Price and Quantity 

* >• • . 

4 In terms of the supply and demand functions S(q) 
and D(q), static analysis suggests that an equilibrium,^ 
price 9 p* , and quantity, q*, occur for the quantity 

*_ _ / 2- 



at, which the price offered (demand) and the *£rice asked 
(Supply) ,are equal: p* <D(q*) = S(q*). % (Frgure 1,) 




t , v ^. Figure 1. Supply and demand equilibrium, 

I . 

2.3 .Continuous S and D Functions Are Approximations . 

T 4 he supply and demand curves are 'usually treated v 
as continuous .functions^ Of course, *£hey are not, 
iirfce our monetary units. are not 'infinitely divisible. 
Also some goods can 1 only be sold in discrete quantities. 
Consequently, the supply and* demand functions must be 
step functions or discrete functions. (Figures 2 and 3.) 



* P 
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_S(q) 
"--D(q) 



.S(q) 
.D(q) 



1 "i 

# ^ Figure 2. Step. functions'. Figure 3- Discrete functions 



When Ve use a continuous function, we are implicitly 
assuming that the jumps in these functions are- small 
enough s,o that the continuous functions Japprvximdt'e ' 
fcfce discrete ones very closely. (Figure 4,) 4)nly 
then may we apply the tpols of calculus effectively. 



actual 



cont irtuous 
approx-imat ion 




Figure k. Approximation of demand function. 



31 PRICE DISCRIMINATION AND CONSUMER SURPLUS ' 



3.1 Perfect Price Discrimination „ 

* • * 

A firm, selling in the market will naturally try 

to maximize the revenue which it^'obtains from selling 
a given- quantity 0 f a good. Ideally, tHis might be • 
done by charging each , con%unfer as much w as^that consumer 
is'wjMlijig to pay for a good, rather ,than selling at 
.a\ "uniform-. pricV If it were -able to .identify, t)^ prices 
which consumers would be willing tVpay and discriminate, 
in t«hj2 prices offered exactly, it would ' achieve perfect 
price discrimination, , 

Such discrimination would enable the f^m to chajge 
for each quantity ,* Aq, which it brought to the^market* 
the price which consumers would be willing to pay for 



that -quantity,- D(q) . If we use the discrete form of 
the demand curve, we se*e that there is an initial ' * % 
quantity, Aq Q , for which tfte highest price 'will be* 
paid, .p Q = DCq-pP' Then there is an additional quantity, 
Aq #1 , for which a slightly lowej- price will be paid, " 
' P x - D^)'; a third quantity, Aq 2 , for which, a yet 
'lower price, p 2 * fHq 2 ) w iH be paid; and' so on, until c 
the price, reaches the point at wfiich thl firm, is-.no | 
longer willing to prociuhsse (the supply curve) . (Figure 5.^) 




sell anx>unt Aq 2 ^t price/p^ 
revenue. % s the area of this 
rectangle. 



1 % s Ac, 2 * q 3 *••''«: 

s . , Figure 5.' Price discrimination. *^ *- 
£-2 Va-lub Tct The' Consu mer \ • . 1 ; *' 

~ ; r f * 

* -The amount of-^revenue which the firln'takes in • 
from these sales is p i Aq i = D(q.)Aq. -for each of the 
incremental amounts Ag. * GepmetricaHy , these revenues 
'cam be* represented' by the areas' of the rectangles * / . 
bouiide*d ^bove by "the a.ctual demand f taction* Algebra- 
ically, the to,tal revenue is represented 'by the sum 
•of the areas of \these /rectangles f * ^ 

a ■ ' ■ ' 

. ' •• i=l 1 - 1 , - > 

where n is the number of increments necessary tp reach 
the point of Intersection, of*" the supply and .demand curves 
. * ^ ' ■ ' • 1 5 ' 



Whence approximate the demand function •wi'ti^a 
•continuous function, this total area is approximated 
by tfye area beneath the, continuous dt^ai^^urtction, 
between the quantities q ■ 0 ^and q = -q*: 

rq* . , n 

-HOlJdq ■ lira. 'J D(q.)Aq. . 
. . , • J 0 n v«> i = i 1 1 

j" "Since in a competitive mark'et* firms cannat charge 
different prices to different consumers, : the amount 
of^ revenue which could be' obtained with perfect price 
•discrimination simply represents the maximum 'that 
consumers wouTd be willing to j)ay. Under* the< usual 
economic assumptions of r-etional behavior, .this should* 
represent the'total value of the go'od to the consumer. 

3.3 The ^Consumer Surplus * ^ 1 • • \ • 

In a^ competitive market everyone wall pay the 
same' p^ice ft for the gpod. That price will be the price 
p* associated Vi'th the quantity q*, where 'demand .price 

arid supply price -are equal, DCq) = SCqJ^V/p*.- Thus the 

* *** 1 « s * ° < 

total, paid by the consumer, p*q*, can be r-epresented 

. ' * i * 

graphically as the.area'of a rectangle and the differ- 
ence between this area and the area'-under the demand 
curve. represents the surplus value ^to the consumers? 
beyond what they paid-- - jhe consumer 'surplus. '(Figure/ 




Figure 6. Consumer surplus^. ^ * 



If . we are given a supply function*, S(c\) , and a 



demand function, D(q), then the consumer surplus will 
be represented by the area between the tvfo functions, 
p » D(q) and p * fc p*» on., the interval 0 £ q £ q*. 

From the integral* calculus we know that *thris 'area 

* . Jr 

is the integral over the given interval 'of the dif- 
ference of these two functions; 

f 



c\s, = f (D(q)r - 4 p*) dq. 



4 . EXAMPLES 
* • * 

'4.1 ^Example 1 . * * 

^Suppose the supply curve is j approximated by the 
function p = S{q) - $00o00 an( * ^ e demand curve by 
the function p = D{q) --144 - ^ f or 0 < q < 72,000, 
where p; is in dollars per unit' and q is in units. 
What are the equilibrium price and quantity and what' 
is the consume* surplus? X 

. We .ca/lculate the equilibrium quantity by setting 
the suppl^and demand functions equal and- solving for^ 

* ' S(q) = D(q)'' J % - 



^x + 18) (x - 160 = 0 

. \ " x *,16, -18. ~"" 

Since q and Tience x must be .positive 16 is the 
relevant solution: " ' 

x " sm - 16 . . . • . 

q = 8000. 

Thus the equilibrium qi^fntity* is q* = 3000. We can 
solve, for the equilibrium price using either S(q)* of 

D(q) •' ' , ; - 

• • p * = D(q *) = 144 = 128, 

The' consume^* surplus is the area between fihe 



curves p = D(q) = 144 - ~Lj and p = p* = 128 on. th 
interval 0 < q < q*' =1 8000: 



e 



f 8000 



V8000 " . • s ^ 



J o- 

.\ 6q , m i'aooo 



*TaotF 
Jo' 



Thus $64,000 is the surplus- value*, which accrues 
to the/ consumer* from the competitive market, ^with 
'equilibrium R?* » $1^8, .q* = 8obo. « 



A.T '.Example *2 * !. 

Suppose that the, demand* "feurve is approximated by 
k p*t^ D(q^c(<j - 20$-* Mot 0 'jfe q..<, 20 ani^tKe .supply 
curve /is af>proximatedAby^p A = §*(q) 55 q 2 for 0 < q £'20 
♦wfiere p is measured in dollars per>tinrt and q is* 



measured in lOfi^OOO's of units. What are the equilibrium, ( 
price and quantity and what is the consumer surplus? • 

•We calculate the equilibrium "quantity by setting 
supply and demand prices, equal :' v * 

f • q 2 = (q - 20) 2 _ ' 

q 2 = q 2 40q + 400 ; ; 

40q = 400' * ' 

qv=.10# 

The corresponding price *is S(16) = 10 2 = 1O0. *, 

The consumer surplus will* be the area between * , 

the demand curVe- and the equilibrium price:. 



'(q 2 ',,40q + 400 - 100^ dq 

[ 10 (q 2 *- 40q +300) dq 

1 . 0 ,. • 

= - 2 0q/ + 300^° = ^ =' 1333 1/3. 



However, the prices used were measured in dollars 
per unit and the„ 'quantity in 100, 000 ! s* of units. The " 
easiest way to *corr,ect this "is to multiply the m prices 
by 100,000, s\<5 they can be considered as prices in 
dolLafs per 100,*000;s o'f units.. The effect -of -this i$ 
simply to multiply the integrand- by^ 100,000 and 
consequently, th*e correct answer for t^he consumer surplus 
\s gi verify 

►10 

100,000 [(q V 20) 2 - 100] dq 



f 10 

= 100,000 ■ [(q - 20) 2 - 100] dq 
. " Jo 



= 100,000 (1333 1/3) 
=.$133,333,333.33. 



\ 



4.3 Example 3 p * 

Suppose that the demand function is given by 9 
p ■ D(q) = (1 - q) 3 '+ 35" for 0 < q | < .4 and the supply 
.function by^ p = S(q) = 3q 2 , where, p is measured in 
dollarjs^per unit .and q is measured in 1000's of units,. 
What are the equilibrium price and "quantity and what/ 
is the consumer surplus?* * " 

Again, 'we find the equilibrium bf setting supply 



"and demand \equal: 



\ 



3q 



3q : 



(1 - q) 3 + 35 



= .1 • 3q + 3q 5 
+ 3q - 36 = 0 



q 3 +-35 



(q 2 + 3q +' 12) (q - 3). * 0 



3±/9~ 



48 



3; so q*£ = 5 



is„the 6nly,real*root. Then p* = S(3) = 3(3) 2 = $27. 

The consumer- surplus is the area between the 
demand function and the linep - 27 on the interval . 
«0 < q < 3: 

• " » v \ ' . - 

[(1 - q) 3 + 35 - 27] dq 



t 



f 3 ' 

((1.- q) 3 +8) dq 

J0 • . 

f 3 (9, - 3q +/3q 2 - q 3 ) dq 



81 
4 " 



^ ' Again, our units are, incorrect since price is 

■Yg ^ /given in dollars per unit while q iS in 1000's of units 

. - . ■ ' ■ : • ' - ; ;,; ;15. . . . 



ERLC 



- ■ This v is corrected by changing all price 'functions by a * 
factor of 1000 to convert the units to dollars per 104)0 ' 
. units. Thi's infroduces a factor of 1000 into the 
*• integral , .soothe consumer surplus is 
* • 

81 < * * ' 

• c.S. .= ^1000) = $20 , 250. 

§. A THEORETICAL „ REMARK 

One of the interesting aspects* of this particular 
• application o.f the calculus is that the actual functions 

we are concerned with are of a discrete nature they- 

jump frbm value to value and the approxjbnaf i<*n 
. is continuous. ^ Thus when we ;apply the, in,tegraJ r to 

calculate, the consumer Surplus, the? actual an&wer is 

the summation of the areas of rectangles ^ 

' *' r\ 'n , • . 

whereas the inte^r^LJx-thje^appxoximaXxon However^ 

the definition of -the integral as ♦ * 

(b n 
D(q) dq ltim £ D(q*) Aq v • 
a- k=l x K . 

'-;*•'•. Aq k*° ' * * 

tells us^that if the jumps Aqj^jare Small enough and 
if^the number of rectangles, n, is ^rge,_ then* the 
integral .will be a good approximation to the sum. 
We are ns^ng this'tOol in a manner -reverse ,,to the 
, ' more usual applications. This idea is characteristic - 
H of applications of calculus to economics. . *' 

6. • EXERCISES ' " 

. For Exercises f ind t'he.. equilibrium price V- 

and quantity and the .consumer surplus £or the given • • 
^supply and demand functions. Assume ,£rice is in 
dollars per unit and* quantity is in units, unless 
otherwise state^.g % 11 



(3) *S(q) = 3q, D(q) = 6-- 3*q , where q~is in 1000's 

of units. * 

(4) S(q) = 14 + q, D(q) = (6 - q) 2 , for 0 < q < 6 
and q in,10,00O f s of units. 

(5) f (q) = /q, D(q) p -fl - j^., for 0 <_ q i< 1100. 

(6) S(q) = 3q 2 , D(q) = (1 -*q) 3 + 3; for 0 <_ q <_ 2 
and q inr 1000 » s. of units . \ . ■ 

(7) S(q) = 6q 2 , D(q) = (2 "- q) 3 + 24, for 0 < q < 3 
and q in 100* s of units. 

(9) S(q) = 3fq - 1) 3 '+ 3, D(q) = 12 - 9q 2 , where q 
is in 10,000's of units. . ^ • ^ 



' - " T. ' PRODUCER' "SURPLUS 

7.1 Problem 

Make an argument; similar . to- that of Section' 3 

above, that the' area under the supply cilrve ^or 

/«- • .*••"'* 

0 < q*£ q* represents the value Or cost .to the pro- *• 

ducers ^)f the goods sold on the market. Continue . 

"by showing that the area below the equilibrium price 

line,, p = p*, ancUabove the, supply curve* p = S(q) 

on 0 < q < q* is" the surplus value wh^Lch accrues -to 

the producers in a competitive mar ke't, , .the y pt*dducer *8 

surplus Sketch a graph illustrating this concept, 

similar to the. graph in Figure 6. .Give an integral' 

formula for the producer surplus similar to* the 

formula\for consumer surplus" at the enct of Section 3.3. 

7.2 Exercises 10-18 ' 4 

' Calculate\the producer's sUrplus, as defined 
above, for each <^f the Exercises 1-9 in Section 6^. • 



8. THE EFFECT OE THE ELASTICITIES OF SUPPLY AND DEMAND 



8,1 Linear Supply and, Demand Curves ' * 

r Supply and .demand curves are often approximated 
by linear functions as in Exercises 1, 2, and 3 in 
Section 6? A 'general form for a supply and demand 
situation with linear functions would be this: 
D(«' = A - Bq 
S(q) ^Cq 

where A, B, and *C are all positive constants 
8.2 Ela sticities* of- Supply and Demand 

The quantity (1/B) (p/q) * is the elasticity 'of demand 
for D(q), The larger this number ig\ the smaller B is 
for^a particular point (p,q) and consequently, the demand 
.curve is relatively flat. -This means that small .changes 
in the price are#associated with large changes in" the 
quantity demanded. The quantity demanded 'is sensitive — 
highly elastic— to changes ih price, On the other hand, 
if the elasticity is smal^ .to B. is large, then, a large 
change in price will be associated with^ small change 
in demand. The quantity demanded in insensitive- 
inelastic— to changes in price. 

Similarly the quantity (l/C)(p/q) is the elasticity 
of supply for S(q). If this elasticity -is large, then a 
sftall change in* price is associated'with a large change . 
in the quantity supplied, whereas if the elasticity . is * 
'small., a large change ia price is associated with a 
small change .in supply .' , "• y 



t 



A 



8.3 Problem • ■ ~. . . * ' 

- k v : I 

t Pind the equilibrium quantity arid price in terms 
of the constants A, B, C 'for. the- general linear Supply, 
and demand situation given above,. Find 'the consumer's • 
surplus and the producer's surplus- in terms of these- . 
constants. Calculate the ratio of tjft oconsumer '4 surplus 
to the producer's surplus, and commenf.pn how this is- , 
associated with the elasticities of demand 'and supply 

9. TWO-TIER PRICE D ISCRIMINATION AND NlKxiMUM REVENUE * 

2_ii Two-tier. Price Discrim inati nn 

: • ' » 

Although perfect price disar imitation Sis described' 
in Section 3 is impossible, a monopolist -seller or a - 
group of cooperating^ sellers, may Jte.able to do some' 
price discrimination. This can 'occur* for example, 
wh-en a producer 'markets >a product; under a brand name 
and a-lso, bsually under a 'housU name, in discount 
stores.' This pfactice discriminates- Between shoppers 
who are induced by a'dvef-tising to buy the "better" 
brand name and Shoppers who* look for. the bargain goods. 
Of course, this is an oversimplified description of - 
the situation. - Nevertheless, pri C<) e discrimination ' .* 
does occurs in varying degrees .in a number of situations * 
due to imperfect information about '.the market and 
other factors. . , , , 

The most simple form o'f price .discrimination 
would be two- tier price discrimination where the seller 
or -cooperating group of 'sellers' charge two. prices.-- ■ 
Perfect two-tier price discrimination Would occur '* 
whe'n all those willing to pay the higher price, p . . W • 
do. This occurs for- the quanti^. q± , where the line 
p = f 1 intersects the demand' curve 'p = D(q). 'if 'we 1 
assume" that the other price which' the sellers charge 
is the competitive equilibrium price' p* derived 

- ; \ . 19 ; i4 



earlier, then, the.- total revenue to~*the seller is 
P^! + P*(q* -,<rp. V 6See Figure 7.) * 




revenue front higher price 

S(q) - "NJ 



D(q).' . # 

revenue from lower prjce 
i q * 



Figure 7. Two-tier price discrimination. 



. 9.2 ProbLem: Maximizing cr£ Revenue 



Under two-tier pjrice discrimination^ how should 
the seller choose p 1 so a's-to maximize. tot;al revenue^ 
What* kind of assumption (stronger than 'the assumptions 
needed to derive the consumer surplus) about *the supply 
-and/or demand functions is .needed in 'order to apply 
the calculus to this problem? :\ ■ . e 

^ % \ ' }-'.'*' i* f* V 

9.3* Exercises , ! : ' * ' •/ ^ A " "'" 0** 

} \ *** . % ^ 

For each "of the following supp.W.and demand ■ * 

functions, fxn<Mthe price .p 1 and quantify o^^hieh! 

maximize totaTrfeyeriue under two- tier., price disc riijijia tic 

"n - ' - V £ \' " ; \ % * 

(1*9) Supply anji' demand* as ^ini Exercise % \ / 

C20) S and D*as in Exercise 2: N v * ' >. 4 °> 

-(21) S and D. as in Exercise 3". 1 ' * \ V ' . k *">'.*■ 

(22) an&'D as«.ih 'Exercise 5. 

(23) ^£fc|nd,D as "in JExercis'e .6. 
(2.4) £ and D as in Exercise 7. 

(26) 



S and IX aV.4n>Bxerciserv*S;v v \ X 
S and D as^ in^Exeycise jjjj 

* ' X % % * 



Us 



10. MODEL. EXAM , 

'(a) Sketch the graphs of a typical supply function, 
* S(q), and a typical demand 'function, ? D(q) , 
with price as a function o-f quantity. 

(b) On your 'graph, indicate the equilibrium 
quantity^ q* , and price, p* . 

(c) (ta^yourr graph, shade the region whose area* 
is tire' consumer'ls surplus, 

Let S(q) = 3^5 and D(q) = 0 - , 

(a) Finck'the equilibrium quantity and price, 

q* and p*. • \ 

(b) "Calculate the consumer's surplus'. * • \ * 

(c) talculate the -producer 1 s surplus. fi - 

•> 

Let S(q) = /q and D(q) = 6 - q, where q is in 
1000 f s of units. ' ~~ 

(a) Find "the equilibrium quantity and price, 
I *q* and p*. 

(o5 Calculate the consumer, 1 s* surplus . ^ •* 

(c) " Calculate the" producer 1 s surp'lus. 

Let S(q) -*q and tf(q) = 12 - q 2 / * * ' 

fa) Find the eo^iil-ibrium quantity "and* prices * 

*.q* and p*<\ * 
l£b) '.Assume that in two-^tier. price* discrimination, 
\ one price will Bb.p*. ^Find the" Higher price, 
Pt , which maximizes total revenues. 
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, •• ll- SPECIAL ASSISTANCE SUPPLEMENT ' 

Discussion of problems: t • 

■ t Problem 7.1 : If consumers could collectively 

^discriminate against the producers, then they would 

purchase each additional parcel o'f the commodity, 
'""Aq.; at /just the price for which the producers would 

be willing, to-supply it, SCq^. The total revenue 
* would be the sum of the ambunts jreceive,d for these 

parcels, * . . 



• 1 ' l S(q.)Aq. * j* a(q) k dq 



0 

This value of m t\ie goods sold to the producers is 
represented graphically by t*he area under the supply 
curve. H<*rever, the producers actually receive as 
k revenue the amount^ corresponding to the rectangular' 
area under the equilibrium price line. Consequently, 
the difference is the producer's surplus value, 
(See Figuri "8.) This is given by. the following 
integral formula^ 



f (p*' - S(q)>dq. 



P ... 




4 <<£ 



( 

value to producers 

q 



Ffgure 8., Producer surplus^ 
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I - . 

Problem %W. S(q) = Cq and D(q) = A - Bq) so- we 
solve Cq = A - Bq to get q* = g-A-p . 'From S(q*) we 

The consumer's surplus -is then given by 

A ^ r 



C.S, 



and the producer's surplus -by 
v * . A ' 

P.S 



0 



Cq)dq ^C[j^r} 



Comparing these we have the following formulation:'' * 

C.S./P.S. = B/C = Elasticity of Supply 
. * Elasticity, of Demand * 

Consequently, the large/ the elasticity of supply is 
relative to, the elasticity of demand, the greater. £he 
.portion of the surplus value jwhich accrues to the 
consumers" is. This wiLl happen iKjjr'oducers are more 
sensitive to price changes than the consumers are. 

Problem 9.2 : , The producer should choose q 1 *and 
P 1 to maximize the„quan"tity p 1 q 1 + p*Cq* - q 1 ) = ■ 
^l^l " P*) + P*q*.".But the discriminatory price, 
p 1 , and quantity, , q 1 , are related by p L * 0(q 1 ) , so . 
the quantify to be* maximized fan be written as 

f ^l) =# fl 1 (D(Tq 1 ) - p*) + p*q*, 0 < < q* . ^ - 

This can be maximized by the u^ual metKods of differ- 
ential calculus find the critical points where \j 
f J (Qj) = 0 and check these and the endpoints, 0 and 
q*, for the maximum .value. Geometrically, it is 1 clear 
that the- maximum will always be interior, we may 
omit^iecking the endpoints. In 'order to apply this 
technique, the demand fu^gtion, D(q), must be 
differentiable. *It is usuaTly reasonable, to approximate 
the actual discrete demand function with a differentiable 
function, D(q). ' Oo 
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* * 12. SOLUTIONS TO EXERCISES 

A" = 4 ' JS7)M * ' 15000 - P* = S(q*) -3. 

15000 15000 . 

C.S. = J (D(q) - P *)dq =• J . (4 - - 3)dq - $?5O0 . 

0 - *0. • 

- * • • 

27000 

c - s - ' 1 t" ; itjW * ^ : .$i2i,soo. ■ 

< I » V 

S(q) = 3q, D(q) = ^ - 3q, q in 1000's. 
3q = 6 -"3q * qj - 1, p * = S(q*) = 3. 

1 

C.S. = 1000 J (6*^3q- 3}dq = $1500. 



S(q) = -14 + q, D(q) = (6 - q)' 2 , 0 < q < 6,£jyib 10,000 *'$ , 

14 *q- (fr- q) 4 * q 2 - 13q + 22 = 0 => (q - 11^ (q - ■ 2J - 0 . 
* q* = 2. p* =• S(q*) = 16, 
« 

.2 

C.S. =• 10000 | ((6-q) 2 - I6)dq = $186,667.' 



• 24 



v 

* 19 



5. S(q) = /q ; D(q) = 11 - (f < q < H0O. 



f 



A " 11 - q ■ >21 : ||£ + . 



Let x * = T§ff so 



100 2 



100 • 100 2 



and this becomes ^ 



^x 2 - ,122x + 121-0 *> 'tx - 121) (x - 1) = 0 *> x = 1,121 
q£ f 100, 12100, so q* 100. p* = S(q*) = 10:. % 



* loo, 

C.S. = f (11 - T 

•L. a 



^ - 10) dq = $50.. 



6. ■ S(q) =-3q z ', D(q) =^(l-q)3 + 3, 0 < q< 2, c^in 1000 's 



3q 3 (1 -q) 3 o q 3 + 3q«- 4 = 0 



(q-l)(q 2 + q + 4) = 0 q»l; " M. 

The la,t1^r roots are* imaginary, so 
q* = 1. p* = S(q*) ± 3. 

C.S. = 1000 I ((1 - q) 3 + 3 - 3)d^ * $250. ' 

1^ 0 



\ ■ 



7. 



S(q) - 6q 2 , D(q) = (2-q) 3 '+24, 0<q<3 : , q« in^lOO ^vj.^' 



6q z 55 (2 - q) 3 + 24 



(q - 2J(q 2 ♦ 2q + Ml^f^ & 

q-* = 2 and p* = S(q*) «v24." ^ "^ i^^J^i^ 



'. ' MMM. ~1 2s <* 200? letting x = 2^g-» * 



. * . Zx 2 + .20x*- 500 = 0 (3x+ 50) (x -.10) = 0 . = 

. « • ♦ 

x -10, -50/3 =^q = 200Q, - I£°2£ ; SQ ' ^ 

/ ^ ' ~. ' - " -Vt^ 

" -\' . q* = 2000; p* = D(q*) = 15. 

• - " ' 2000 " 1 : ^' 

- ■ v - o < « ... 

♦ - . * . * » 

• ftqj = 3CV- I) 3 + 3, D(q) =/ 12 - 9qS q in; 10,000^ 

. 3("q*-l)»+3 «'l2-9q* *-Sq»+9q\,i2 i 0 ! 

.'• ■' • J ••' * . ' . ' 

f , w ca^f < """" ^ 

3(q - 1) fq 2 + q . + 4) =0 * q *« l , -1±/T^I / /so 

, " * . . / - • * 

• . C*S. •« 100QO f. (12 V 9q 2 ' - 3)dq = $6tt',0ff0.. " 



:^ : ;V-10,/^(q^ : ^ D(q): , 4 . ^ 

' and^^nr- ll'/ q**- lSOO.k'p* - 3. 



lV. ' . " •; : A* ■ ■'■ ' ." "■: 15000', ■ * 

,W. .. • y. V^r. B . J (P* - '&(q)^.q V f ' '.(3 '-^jUdq = $22,S00. • 

• ; .and from q* *--27oi6 > -;p* "« , /• 



. .27000 



s Cq) " 3.q r D(q) -.6 - 3q, q in lOOO^' 
and "from §3, q* = p* = 3. 



1 



P-S. [ (3 - 3q)dq = $1500.' 

0 . f • 

* t- 

S(q) = 14 + q, DCq) = (6--q) 2 ,^q in 10000^' 
and ffom #4, q* = 2', p*. = 16..' 
• -2 

P.S. = 10000 I (16 - (14 + q))dq-/-= $20,000 
• . 0 

'. - ' ' ' '/ • -V 

• S(q)' • /q, -D(q).= 11 - ^ 

. and from #5, q* * -X00,/p* = 10. f ' 

100 " ' 

P.S^ = I (10 - /q)dq = $333.33 
0 



S(q) .= 3q 2 , D(q) -1(1 - q) 3 + 3, q in 1000's 
arid from #6, q* = 1, p* = 3. 

1 - 

P.S. -.1000 | (3 - 3q 2 )dq = $2000 

■ . .* , 0 . * • ' 

S(q>\* 6q 2 .,.D(q) 1 q) 5 # +24/^^,100?.^. 

and from #7 #t q* ^ 2^-p* =^24. i , 

. * * 2 

P.S. =100 f (24 - 6q 2 )dq = $3200.1 

. , 0 \ - 

said from #8 / q* 2000,^ p* - 15. ^ 

• . 2000 • • • *■ **- 

^■• s : ".T. . ( l5 -'" wgrojjdq = $20,ooo ' 27 
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18. S(q) = 3(q - 1) 3 +3, D(q)« = 12 *- 9q* , q in 10,000 's 
. and from, #9, q* = 1, p* = 3. , „ \ 

1 . . 

: P.S. - 10000 I (3 - (3(q - l) 3 + 3))dq = $7500. - 
0 

19 - s «o - A., w - 4 - is§w. ' 

and from #1, q* = 15000, p* =3. Maximize 

\ q ! 

f ^l) = QiU 4 ■ ISfOfl ) " 3 ) + 45000 ; .on 0±q ± < 15000 



f'CqO - 1 - 



2q l 



7500. 



Thus,- q 1 * 7500 and p 1 » D(q 1 ) = $3'. 50: 

20 - ijfJnr^ D ^ 10 -fenSr 

and from v #2, q* * 27000, p*-'» 1. Maximize 



+ 27000. . 

' * - ■ r i 

Thus, *qj « 13500 and p 1 = DGq^) - $5\50, 



S(q) = 3q% D(q) - (1 - q)* + 3. 

and from H, q* = l, p*' = 3. Maximize 

f ^i) <ii((i"- q x ) 3 +, 3 - 3i + 3. 

f'Cq^ ■ (1 - q) 3 = 3 qi (l - q x ) 2 - 

= (1 - qi ) 2 (l - 4q x ) = 0 if q 2 1 
Thus, q v = h and p ± - D(q 1 ) = $3.42. \ 

S(q) = 6q< 2 , D(q) = (2 - 'q) 3 + 24 

and from #7, q* = 2, p* = 24: Maximize 

f Cqi) ■ q x ((2 - q x ) 3 + 24 - 24) + 48. 

f, hi) a ( 2 - q^ 3 - 3 qi (2'- qi )C 

s (? - q x ) 2 (2 - 4q x ) « 0 if ^ « 3f, 2 
Thus, q x = 3s and ?1 = D( qi ) = $27.38. 

S(q) = 'M^TO><1) = 25 " 2§TF ■ 

&nd from #8, q* = 2000, p*^ = 15. Maximize 

' qi 

f (qi) = qi(25 - - 15) +,30000. 

■ \ > 

f'Cq^ - 1<? - " 0 if q i = 10 °0- * - 

Thus, q x = 10O0 and p x = D(q 1 ) - $20. 
». * 

- * i • 

S(qj = 3(q - l) 3 +. 3, D(q) = %1 - 9q 2 
and from #9, q* - 1, p* = 3. Maximize" 

fCqj)- qj(12 - 9q x 2 -' 3)/-+ 3.- 

•£\ (q x ) = 9 -. 11^ = 0 if qj = /ITS. . . 

Thus", q x = and p x = Dfq^ * $9. 
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m ] j * ' IL SOLUTIONS FOR THE MODEL EXAM 
1. See Figure 6 . * 
2 ;-..?(q) - D(q) -'6 - • 

*< a ) ?fo - 6 - 25TT * ^* = 1Q 00. P* = S(q*J-= 2. 
• • 1000 

; (b) c.s. = | ( 6 - 25? ' 2 ) d( l = $ 2000 



., . '1000 
; (C)'-.P.S. - J (2 - ^)dq' = $1000: 

0 • • 

3* S(q) = /q, D(q) = 6 - q, q in 1000 f s. 

(a) Vq =.6 -q => q = 36 -a2q + q 2 '=> q 2 - 13q + 36 = 0 

(q - 4.) (q - 9) = 0 => q = 4 or 9, 
so q* = 4, p*-= S(q*) ,= 2. . * 

' " 4 " 

(b) C.S. « 1000 | (6 - q - 2)dq . $«000- • 

« j 0 • . * ■ . ' * 

i . 1 4 -r 

(C). P.S.-= 1000 j (2,-.Vq)'dq = $26^6.67. 

' 0 • : f " 

4.', SCq\= q,D(q) = 12 - q 2 . ■ . 

# " ' ' '* ' 

* - q V 12 ' <f 2 * + 'q ' 12 = 0 (q +|4) (q - 3) = 0 

q = 3, -4, so q* = 3 and p* «= S(q*) = 3. 

• (b) Maximize 'f(q = q (12 - \q ? - 3) + a * 

* j. * ^ 

. | _ = ' 9 ;.3 qi J » o'ifj^ _«."±/J„so„ _ 

■ • ' ; " q 1; - /J and p^.- J)^*) = 49. " , " 

■■' O * 
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